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S
ch

em
atic V

arian
ts for M

u
ffl

er S
ub

com
p
onen

ts

Part 1 —
 C

ham
ber and Baffle

Part 2 —
 Fluid dom

ain

Part 3 —
 Fiberglass Absorbant (gold)

Part 4 —
 Show

ing perforates (aim
ed at

fiberglass)
Part 5 —

 Final Assem
bly View
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A
nsys S

im
ulation

S
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ulated
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p
roxim

atin
g m

u
ffl

er w
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uid
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Figure: Transm
ission Loss curve of the m

uffler betw
een 5 H

z and 1000 H
z at 20°C

.
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S
id

lab
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 A
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ow
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lo

ad
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enter

S
ID

L
A

B
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d
e
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File: M
a
r
k
3
S
i
d
.
z
i
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C
reated w
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LAB 5.1

A
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S
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S
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File: M
a
r
k
-
I
-
M
D
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c
l
e
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r
n
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d
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t
a
.
w
b
p
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C
reated w

ith: AN
SYS 2023 R

2
⬇
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nload SID
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B
 File
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N
SYS File
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S
im

ulated
 vs M

easu
red

 Insertion
 L

o
ss

M
easu

red
 vs S

im
ulated

 T
L

Insertion
 L

o
ss E

xp
lan

ation

Insertion Loss (IL) quantifies how
m

uch sound is attenuated w
hen a

m
uffler is added to the system

.

G
eneral form

ula:

Because our data is already in
decibels (dB), this sim

plifies to:

IL
=

10
(

)
log

10

P
b

aselin
e

P
m

u
ffler

IL
=

−
P

ow
er

b
aselin

e (d
B

)
P

ow
er

m
u

ffler (d
B

)
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R
e
fe
re
n
c
e
s

C
ite

d
 W

o
rk

s

1. M
unjal M

L. Acoustics of D
ucts and M

ufflers. 2nd ed. W
iley; 2014. ISBN

: 9781118443125.

2. D
okum

acı E. D
uct Acoustics: Fundam

entals and Applications to M
ufflers and Silencers. C

am
bridge U

niversity

Press; 2021. ISBN
: 9781108840750. 

N
ote: These references are foundational texts in m

uffler and duct acoustics and w
ere consulted for system

 m
odeling,

schem
atic developm

ent, and transm
ission loss analysis.

https://doi.org/10.1002/9781118443125https://doi.org/10.1017/9781108840750
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S
ou

rce P
ap

er

C
onstitutive Equations for H

ot-W
orking of

M
etals

A
uthor: Lallit Anand (1985)

D
O
I: 

O
ne of the foundational papers in therm

odynam
ically consistent

viscoplasticity m
odeling—

especially significant in the context of
m

etals subjected to large strains and high tem
peratures.

10.1016/0749-6419(85)90004-X
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C
ase S

tu
dy: W

an
g (2

0
0
1
) A

p
p
ly to

 S
old

er

Source: W
ang, C

. H
. (2001). “A U

nified
C

reep–Plasticity M
odel for Solder Alloys.”

D
O
I: 

W
hy W

ang's Paper M
atters

Applies Anand’s unified viscoplastic fram
ew

ork to m
odel solder behavior.

Anand's m
odel can be reduced and fitted from

 experim
ents.

transition the theory into engineering-scale im
plem

entation.
Targets solder joints in m

icroelectronic packages (chip on PC
B, soldered

connections).

10.1115/1.1371781
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C
om

p
arin

g A
nand

 M
o
d
el P

red
ictions at T

w
o
 S

train
 R

ates

O
bserved B

ehavior

Top G
raph (a): 

H
igh strain rate →

 higher stress
R

ecovery negligible →
 pronounced hardening

B
ottom

 G
raph (b): 

Low
er strain rate →

 low
er stress at sam

e strain
R

ecovery and creep effects m
ore significant

M
odel A

ccuracy: Lines = m
odel prediction, X =

experim
ental data

K
ey Insights from

 W
ang (2001)

“At low
er strain rates, recovery dom

inates…
 the

stress levels off early.”
“At high strain rates, hardening dom

inates, and
the stress grow

s continuously.”

Anand’s m
odel sm

oothly captures strain-rate and
tem

perature dependence of solder m
aterials.

=
ε̇

1
0

−
2

s
−

1

=
ε̇

1
0

−
4

s
−

1
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M
ain

 E
qu

ations of W
an

g
’s A

nand
-T

yp
e V

iscop
lastic M

o
d
el

Flow
 R

ule (Plastic Strain R
ate)

Plastic strain rate increases w
ith stress and

tem
perature.

N
o explicit yield surface; flow

 occurs at all
nonzero stresses.

D
eform

ation R
esistance Saturation 

D
efines the steady-state value that 

 evolves
tow

ard.
D

epends on strain rate and tem
perature.

Evolution of D
eform

ation R
esistance 

D
escribes dynam

ic hardening and softening of
the m

aterial.
 evolves depending on proxim

ity to 
 and flow

activity.

N
ote: C

onstants 
 are m

aterial-specific
and fitted to experim

ental creep/strain rate data.

=
A

ex
p
(

−
)

ε̇
p

QR
T

[
sin

h
(

)
]

jσs

1
/

m

s
∗

=
s

∗
ŝ(

ex
p
(

)
)

ε̇
p

A

QR
T

ns

s

=
sign

(
1

−
)

ṡ
h

0
1

−
∣∣

ss
∗

∣∣ a
ss
∗

ε̇
p

s
s

∗

A
,Q

,m
,j,

,
,n

,a
h

0
ŝ

16



A
nand

 V
iscop

lasticity C
onstants for 6

0
S

n
4
0
P

b

Im
age R

eference

Values are from
 correspond to 60Sn40Pb solder

param
eters used in Anand's m

odel:

: Initial deform
ation resistance

: Activation energy over gas constant
: Pre-exponential factor for flow

 rate
: M

ultiplier of stress inside sinh
: Strain rate sensitivity of stress
: H

ardening/softening constant
: C

oefficient for saturation stress
: Strain rate sensitivity of saturation
: Strain rate sensitivity of hardening or

softening

N
um

erical Values

 Pa
 K s

 Pa
 Pa

These constants m
atch W

ang's paper for m
odeling

60Sn40Pb viscoplasticity.

S
0

Q
/

R

Aξmh
0

ŝna

=
5.633

×
S

0
10

7

Q
/

R
=

10830

A
=

1.49
×

10
7

−
1

ξ
=

11

m
=

0.303
=

2.6408
×

h
0

10
9

=
8.042

×
ŝ

10
7

n
=

0.0231
a

=
1.34
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F
orw

ard
 E

uler E
xp

licit tim
e integration

 sch
em

e P
seu

d
o
co

d
e

In
itialization

M
aterial constants: 

Strain rate: 
Tem

perature set: 
Set: 

T
im

e E
volu

tion
 L

o
op

1. 
2. 
3. Com

pute 
4. Approxim

ate 
 (linearize if 

)
5. 

P
la

stic
 F

lo
w

 &
 R

e
sista

n
c
e
 E

v
o
lu

tio
n

6. 
7. 
8. Update: 
9. Update: 

10. Record 

T
e
rm

in
a
tio

n

Stop w
hen 

Plot 
 vs 

 for all 

A
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/
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,

,
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ŝ
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{
}

T
i

(0
)
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ŝ
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=
E

(
−

)
σ

trial
ε

total
ε

p

x
=
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Q
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)
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/
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Q
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p
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p
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p
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i
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P
b
2
A
g
 
s
o
l
d
e
r
 
a
l
l
o
y

A
 
=
 
2
.
2
4
e
8
 
 
 
 
 
 
 
#
 
1
/
s

Q
_
R
 
=
 
1
1
2
0
0
 
 
 
 
 
 
#
 
K

j
 
=
 
1
3
 
 
 
 
 
 
 
 
 
 
 
#
 
d
i
m
e
n
s
i
o
n
l
e
s
s

m
 
=
 
0
.
2
1
 
 
 
 
 
 
 
 
 
#
 
d
i
m
e
n
s
i
o
n
l
e
s
s

h
0
 
=
 
1
.
6
2
e
1
0
 
 
 
 
 
#
 
P
a

s
0
 
=
 
8
.
4
7
e
7
 
 
 
 
 
 
#
 
P
a

s
_
h
a
t
 
=
 
8
.
4
7
e
7
 
 
 
#
 
P
a

n
 
=
 
0
.
0
2
7
7
 
 
 
 
 
 
 
#
 
d
i
m
e
n
s
i
o
n
l
e
s
s

a
 
=
 
1
.
7
 
 
 
 
 
 
 
 
 
 
#
 
d
i
m
e
n
s
i
o
n
l
e
s
s

E
 
=
 
5
.
2
e
1
0
 
 
 
 
 
 
 
#
 
P
a
 
(
E
l
a
s
t
i
c
 
m
o
d
u
l
u
s
)

#
 
T
e
m
p
e
r
a
t
u
r
e
s
 
i
n
 
K
e
l
v
i
n

T
_
C
 
=
 
[
-
5
5
,
 
-
2
5
,
 
2
5
,
 
7
5
,
 
1
2
5
]

T
_
l
i
s
t
 
=
 
[
T
 
+
 
2
7
3
.
1
5
 
f
o
r
 
T
 
i
n
 
T
_
C
]

#
 
S
i
m
u
l
a
t
i
o
n
 
p
a
r
a
m
e
t
e
r
s

s
t
r
a
i
n
_
r
a
t
e
 
=
 
1
e
-
5
 
 
#
 
1
/
s

e
p
s
_
t
o
t
a
l
_
m
a
x
 
=
 
0
.
6

t
_
m
a
x
 
=
 
e
p
s
_
t
o
t
a
l
_
m
a
x
 
/
 
s
t
r
a
i
n
_
r
a
t
e

t
i
m
e
_
s
t
e
p
s
 
=
 
1
0
0
0
0

t
_
e
v
a
l
 
=
 
n
p
.
l
i
n
s
p
a
c
e
(
0
,
 
t
_
m
a
x
,
 
t
i
m
e
_
s
t
e
p
s
)

#
 
D
e
f
i
n
e
 
t
h
e
 
O
D
E
 
s
y
s
t
e
m

d
e
f
 
s
y
s
t
e
m
(
t
,
 
y
,
 
T
)
:

 
 
 
 
e
p
_
p
,
 
s
 
=
 
y

 
 
 
 
e
p
s
_
t
o
t
a
l
 
=
 
s
t
r
a
i
n
_
r
a
t
e
 
*
 
t

 
 
 
 
s
i
g
m
a
_
t
r
i
a
l
 
=
 
E
 
*
 
(
e
p
s
_
t
o
t
a
l
 
-
 
e
p
_
p
)

 
 
 
 
x
 
=
 
j
 
*
 
s
i
g
m
a
_
t
r
i
a
l
 
/
 
s

 
 
 
 
i
f
 
n
p
.
a
b
s
(
x
)
 
<
 
0
.
0
1
:

 
 
 
 
 
 
 
 
s
i
n
h
_
x
 
=
 
x

 
 
 
 
e
l
s
e
:

 
 
 
 
 
 
 
 
s
i
n
h
_
x
 
=
 
n
p
.
s
i
n
h
(
n
p
.
c
l
i
p
(
x
,
 
-
3
0
,
 
3
0
)
)

 
 
 
 
s
i
n
h
_
x
 
=
 
n
p
.
m
a
x
i
m
u
m
(
s
i
n
h
_
x
,
 
1
e
-
1
2
)

 
 
 
 
d
e
p
_
p
 
=
 
A
 
*
 
n
p
.
e
x
p
(
-
Q
_
R
 
/
 
T
)
 
*
 
s
i
n
h
_
x
*
*
(
1
/
m
)

 
 
 
 
s
_
s
t
a
r
 
=
 
s
_
h
a
t
 
*
 
(
d
e
p
_
p
 
/
 
A
 
*
 
n
p
.
e
x
p
(
Q
_
R
 
/
 
T
)
)
*
*
n

 
 
 
 
d
s
 
=
 
h
0
 
*
 
n
p
.
a
b
s
(
1
 
-
 
s
/
s
_
s
t
a
r
)
*
*
a
 
*
 
n
p
.
s
i
g
n
(
1
 
-
 
s
/
s
_
s
t
a
r
)
 
*
 
d
e
p
_
p

 
 
 
 
r
e
t
u
r
n
 
[
d
e
p
_
p
,
 
d
s
]

#
 
P
l
o
t
t
i
n
g

l
f
i

(
f
i

i
(
9

6
)
)

19



S
train

 rate sensitivity of stress m

A
s 

, rate insensitive (yield
)

A
s 

, sm
all stress ch

an
ge cau

ses b
ig ch

an
ge in

 strain
 rate

m
→

0

m
→

1
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F
low

 rule

T
ensorial F

low
 R

ule (d
irection

al form
)

E
quivalen

t S
tress D

e
fi

n
ition

P
lastic S

train
 R

ate (m
agn

itu
d
e form

)

F
ull F

low
 R

ule w
ith

 H
yp

erb
olic S

ine

Sum
m
ary: 

D
irection given by 

.
M

agnitude determ
ined by hyperbolic sine based on 

.
 represents the effective shear stress com

puted from
 deviatoric stress.

 is the von M
ises Equivalent stress, but is form

ally defined w
ithout yield point

Full flow
 = direction × m

agnitude.

=
(

)
D

p
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p
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T
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=
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:
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T
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T
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(
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{
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/
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/
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:
32

T
′

T
′

−
−
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−
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√
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E
volu

tion
 E

qu
ation

 for th
e S

tress

S
tress E

volu
tion

 E
qu

ation
 (R

ate form
 of H

o
oke's L

aw
)

(rate-form
 H

ooke’s law
 for finite deform

ation
plasticity, w

ith fram
e-indifference enforced through

the Jaum
ann rate.)

Jau
m

an
n
 R

ate D
e
fi

n
ition

M
aterial T

ensors and
 O

p
erators

 —
 isotropic elasticity tensor

 represents how
 instantaneous strain rates

generate stresses according to the elastic m
aterial's

stiffness properties.
, 

 —
 tem

perature-dependent m
oduli

 —
 stress-tem

perature coupling
 —

 therm
al expansion coefficient

 —
 stretching tensor

 —
 spin tensor

 = fourth-order identity tensor
 = second-order identity tensor

Sum
m
ary: 

Stress rate follow
s Jaum

ann derivative to ensure fram
e indifference.

Elastic response governed by isotropic fourth-order tensor 
.

Therm
al expansion introduces additional stress through 

.

=
L

[D
−

]−
Π

T ∇
D

p
θ̇

=
−

W
T

+
T

W
T ∇

Ṫ

L
=

2
μ

I
+

(κ
−

μ
)

1
⊗

1
23

L
D

μ
=

μ
(θ)

κ
=

κ
(θ)

Π
=

(3
α

κ
)
1

α
=

α
(θ)

D
=

sy
m

(∇
v

)

W
=

sk
ew

(∇
v

)
I1

L

Π
θ̇
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S
tress E

volu
tion

 and
 T

h
erm

al E
ff

ects

S
tress E

volu
tion

 and
 T

h
erm

al E
ff

ects

In the stress evolution equation,

the term
 

 represents the stress change that w
ould occur

due to pure therm
al expansion alone, w

ithout any m
echanical

loading.

W
hy S

ub
tract th

e T
h
erm

al T
erm

?

Therm
al expansion creates strain even w

ithout
external forces.
W

ithout subtracting 
, the m

odel w
ould falsely

attribute therm
al strain as m

echanical stress.
Subtracting isolates the true m

echanical response
from

 therm
al effects.

Sum
m
ary: 

Therm
al expansion induces strain w

ithout force.
Subtracting 

 ensures only m
echanical strains generate stresses.

This keeps the constitutive m
odel physically accurate during heating and cooling.

=
L

[D
−

]−
Π

,
T ∇

D
p

θ̇

Π
θ̇

Π
θ̇

Π
θ̇
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R
elaxed

 (Interm
ed

iate) C
on
fi
gu

ration

C
ontext for th

e R
elaxed

 C
on
fi
gu

ration

The relaxed configuration represents the m
aterial after

rem
oving plastic deform

ations but before applying new
elastic deform

ations.
It is introduced to separate perm

anent plastic effects
from

 recoverable elastic effects.
All therm

odynam
ic potentials, internal variables, and

evolution law
s are defined relative to this fram

e.
The relaxed state provides a clean, natural reference
for m

easuring elastic strain 
 and com

puting
dissipation.

W
h
at H

ap
p

ens in
 th

e R
elaxed

 C
on
fi
gu

ration
?

The elastic deform
ation gradient 

 is m
easured from

the relaxed state to the current deform
ed state.

Elastic strain m
easures like 

 and 
 are defined in

this configuration.
The Kirchhoff stress 

 is naturally associated w
ith the

relaxed volum
e.

Plastic flow
 is accounted for separately through the

plastic velocity gradient 
.

Sum
m
ary:

The relaxed configuration isolates elastic responses cleanly, enabling proper definition of therm
odynam

ics and
plastic evolution law

s. E
e

F
e

C
e

E
e

T̃

L
p
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R
elaxed

 C
on
fi
gu

ration
 C

onstitu
ative L

aw
s

K
inem

atics in
 th

e R
elaxed

 C
on
fi
gu

ration

Elastic deform
ation gradient:

Elastic right C
auchy-G

reen tensor:

Elastic G
reen–Lagrange strain tensor:

S
tress and

 P
ow

er Q
u
an

tities

Kirchhoff stress (w
eighted C

auchy stress):

Stress pow
er split:

Sum
m
ary:

Elastic kinem
atics and stress m

easures are form
ulated relative to the relaxed configuration, cleanly separating

plastic and elastic contributions.
Stress Pow

er Split allow
s Anand to cleanly isolate plastic dissipation from

 elastic storage.
G

reen-Lagrange strain tensor 
 is used because it sym

m
etrically captures nonlinear elastic strain relative to the

relaxed configuration
The right C

auchy-G
reen tensor 

 is required as an interm
ediate to com

pute 
 from

 the elastic
deform

ation gradient 
 w

ithout referencing spatial coordinates
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D
issip

ation
 S

ep
aration

: E
lastic vs P

lastic in
 A

n
and

’s M
o
d
el

T
h
erm

o
dynam

ic S
ep

aration

1. Start w
ith Total D

issipation:

w
here 

2. Split Stress Pow
er:

w
ith:

3. G
roup Term

s w
ith 

:

4. A
pply Elastic Energy C

onsistency:

K
ey P

hysical Insigh
ts

Elastic deform
ations are recoverable and do

not cause entropy production.
A

ll dissipation stem
s from

 the plastic flow
: 

.
Plastic w

ork increases entropy and governs
viscoplastic evolution.

Sum
m

ary:
The stress pow

er split ensures that the second law
is satisfied by assigning dissipation solely to

irreversible processes.
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R
eference C

on
fi
gu

ration

F
ram

ew
ork

 in
 th

e R
eference C

on
fi
gu

ration

The free energy 
 is defined relative to the reference

configuration.
State variables like 

 are used as
argum

ents of 
.

Stress is expressed using the second Piola–Kirchhoff
tensor 

.
D

issipation inequality, stress–strain relations, and
evolution law

s are all w
ritten in reference variables.

M
ass density 

 from
 the reference configuration

norm
alizes all term

s.

K
ey E

qu
ations in

 th
e R

eference F
ram

e

Free energy:

D
issipation inequality:

C
onstitutive relation:

Sum
m
ary:

In the reference configuration, all energy storage, stress updates, and internal variable evolution are form
ulated

w
ith reference-fram

e quantities for consistency and objectivity.
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T
h
erm

o
dynam

ics

T
h
erm

o
dyn

am
ic Q

u
antities

Free energy density:

R
educed dissipation inequality:

State variables:

w
ith 

 as elastic strain and 
 as internal resistance.

S
tress P

ow
er and

 K
irch

h
o
ff

 S
tress

Stress pow
er per relaxed volum

e:

W
eighted C

auchy (Kirchhoff) stress:

D
ecom

position of stress pow
er:

Sum
m
ary: 

Free energy and dissipation govern therm
odynam

ic consistency.
Stress pow

er naturally splits into elastic and plastic parts.
Kirchhoff stress sim

plifies stress evolution accounting for volum
e changes.
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ove) are called
, d

ata is stored
 in

 sub
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e
c
o
n
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c
tio

n

T
h
e reconstru

ction
 is given

 by

S
ince th

e snap
sh

o
t p

o
d
 im

p
lem

entation
 is no

t error-free, th
e reconstru

ction
 can

 on
ly b

e recovered
 by w

ritin
g for 
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h
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 equ
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er th
e integral:
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