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Fig. 25. 1100 aluminum state gradient specimens before and after testing.
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CONSTITUTIVE EQUATIONS FOR
HOT-WORKING OF METALS
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[Communsatsd by Thecder Lehmasa, Ruhr Unisersedr Bochom)

Adbtract — Elevaied pemperaiure deformalion procmsing — “Bol-working,” is an imgomani wep
during the manufaciuring of mos metal produsts, Ceabral 1o afy sesceful asalyse of a
hot-working procss is the use of appropriace rabe and femperafoe-depefadend SORINUlIvE
squanions for large, Inierrupiesd inelastic deformation:. which can listhlully socoest Tor sieis-
hardesing, ihe resigration procssees: of mecoeery and recrysallization |u=d sirain rase and lem-
peraiure history effecEd. [n this pages we devalop a sei of pl acil, [veraal widiahle
Tvpe coastiulive squalions deicribing the dlevaied demperaturg deformation of seels. We uss
a szalar and a symmeiric. iracricis, second-oeder eraar an internal varzbio which, in an average
sepae, represeni an Boiropi and an anikeEnepic resimance g plastic Now alfered by Be mber-
ral st of the macanial, In this theory, we consider small disiic sirciches byt linge plastic delor-
mations {wihin the lmics of sextunngl of isoiropic maieriak. Special cases (within the
conmitmive framework developed hered which should be sutabls for snalynng Bai-working pro-
cegres are indicated.

L INTRODUCTION

Hol-working [s an impormant processing step during the manufacture of approximately
more than eighty-five percent of all metal producis, The main features of hot-working
are that metals are deformed into the desired shapes at temperatures in Lhe rangs of
—{L.5 through —0.9 6, wher 6, is the melting temperature in degrees Kelvin, and at
strain rates in the range of — 1077 through = 10%75ec. [ is 10 be noted that most hot-
working processes are more than mere shape-making operations; an important goal of
hot-working is o subject the workpisce to appropriate thermo-mechanical processing
histories which will produce microstructures that oplimize Uhe mechanical properiies of
the product.

The major quantities of metals and alloys are hot-worked under interrupted non-
isathermal conditions, The principles of the physical mesallurgy of such deformation
processing are now well recognized, g, Jomas ef al. [1969], SELeans & McG Tecart
[1972], Mclmes & Toxas [1975], and Seasans [1978], During a deformation pass, the
arress is found 1o be a sirong function af the strain rate, lemperature, and the defect
and microstruciural state of the material, The siraln-hardening prodwced by the defor-
mation bends to be counteracted by dynamic recovery processes, Thess recovery pro-
cesses result in a rearrangement and annthilation of distocations in such a manner that
a4 the sirain in & pass increasss, the dislocations tend to arrangs themselves ine sub-
grain walls, In some metals and alloys (especially those with a high stacking fault snergy,
e.g-. Al c-Fe and other ferritic alloys) dynamic recovery can balance strain-hardening
and an apparent steady stare siress level can be achieved and maintained 10 large sirains
before fracture oecurs. [n other metals and alloys in which recovery is less rapid (sspe-
cially those metals with low stacking fauly energies, e.g., Mi, y-Fe and other austenitic
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Introduction

In genersl, temperuture factuations experienced by IC pack-
ages and assemblies in service cause progressive damag
jaints; evenizually, this damage accumslaiion beyond cesiain limits
leads 10 the electrical failure. One of the major goals of thermo.
mechanical analysis in the elecironics indusiry is to be able io
dimulate the sanesssamain respanses of the solder joint and then
predict its peliabil X sccurae simula-
tion and reliable prediction, realistic constitmive relations for sol-
der alloys are warranied.

The high homologous temperatares, e.g., 0.65 T, (in K) for the
cutectc tin-lead{SnPb) at mom tempersture, experienced by the
smslder joins and the shermally activated si an it due
o the thermal expunson mismaich between the macrials give:
fise 10 a complex. deformation behavior. This deformation hehay-
on i associmed with the imeverble. temperarare and Fe (o
Gime) dependems inclastic characterisics, producing  strain-
hardening, dynaméc recovery, and in many instances dynamic e-

lization. This deformation behavior is know 1o be visco.
plassic with, generally, revelations sach = creep and siress
relaxasica phencmena of maserials warking in high homalogous
temperature regime

There hax aleady been o great desl of effert applied to reasco.
able experimensal daia and constitutive models for this maerial.
The previous researchers (Durveass and Banerii [1]; Weinbel
et al. [2], Kashyap and Muriy (2]} presented exiensive ex
tal data on tin-lead based sclders. There are als
selasions for salder alloys. ranging from elasao-plastic model (
Ramherg.Osgoad relation) using empirical siress.simin curves
(Lau and Rice [4]) 1o & purcly phenomenological model w .
time-dependent and_time-independent deforms ane anificially
separased {Sarihan [5]. Pao et al. [6]: Knecht and Fox [7]). Some
creep models fram Gterature (power law
creep, hyperbolic sine cres
dependent creep data. However, from the
mechanics, the iime.dependent a
ins e ssmed w0 2 from similas mechapis o 1o s
location motion. So, a wnified framework for viscoplastic behavior
of snlder ma i st insuf

rimen.

stitative

i
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and Kitano (9]} proposed 2 unified madel for 608040Pb sclder
chich accounss for the measured siress. dependence of he activ:
tion encrgy and for the Bauschinger cffect eshibised by the s
Qi et al. [10] employed the back saress w describe the wansient
stage of a stress/strin curve in a unified constitutive model for
stin-lead soider. Some works (Skipor et al. [11); Ma et al. [12p
employed the Bodoer-Partom consitutive melations which use
state variable 1o represent the intemal inelastic ructure for e
solder with euiectic compesition. However, some parameters. of
these unified modeks ase empisical and dependent on temperssure
and strain rate, resulting in complex calculation of the siress sirain
responses and some scattering predictions from the experiments.
sually, a specially viscoplastic constiniive law must be de

ped 25 a user-defined submutine code o sepresent ihe noalinear
rate-dependent siress.sirain relations in some fnise element pro-
grams (Busen et al. (8] Qian et al. [10]). Such a work is afien
complex, expers dependent snd Largely fime consumguive. Some
wex mancrial subosi ,.wm i comtive mmodels e 1
rendy availshle in corrent commercial finite element codes.
The UMAT in ABAQUS (Weber et al [13]) A wmited conmtinn
tive madel, which is refemed o as the Anand model, is offered
the ANSYS code. In order o apply this Anand model 1o simul
ing the thermomechanical responses of solder joints i electmanic
packnging. the material parameters of the comsitutive relativas
must be derermined in

The ohiective of this paper is io obtain the material paramesers
af the Anand medel for sobders From experimental results and the
separaied. elusic-plasio constitmive: relaticns. The mascrial
pammeters with viscoplastic consitutive relations for solders are
wed in simalsie the sieady.siste creep behvicr, constant sirain
rale_behavior, and stmesssimin responses under thermal ey
loading for comparison and verification. Same discussions o rec-
ommendation of using wified Anand model in the finite element
simmlation of elecemnic packaging relisbility wese ako presented

T

Madel Formulation

! The Amand Madel. A sple s
viscoplasiie deformatians bu

formsions 1 the singie scala iemal varube model proposed
by Anand and Brown (Ansed [14], Beown et al [15]) There are
1.

this medel needs no
plicit yiekd condition and 5o Ioading unloading citerion. The
plastic sirain is asssmed 10 take place at all panzer stress values,
although ai Jow saresses the raie of plastic flow may be immea
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001) Apply to Solder

Why Wang's Paper Matters

and’s unified viscoplastic framework to model solder behavior.
odel can be reduced and fitted from experiments.
he theory into engineering-scale implementation.
Ider joints in microelectronic packages (chip on PCB, soldered

1S).

Chip (b)
Solder

PCB




Comparing Anand Model Pr

Observed Behavior

e Top Graph (a): ¢ =10 25!

e High strain rate — higher stress

e Recovery negligible — pronounced hardening
e Bottom Graph (b): ¢ = 10 *s!

e |ower strain rate — lower stress at same strain
e Recovery and creep effects more significant

Model Accuracy: Lines = model prediction, X =
experimental data
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~dictions at Two Strain Rates

Key Insights from Wang (2001)

e “At lower strain rates, recovery dominates... the
stress levels off early.”

e “At high strain rates, hardening dominates, and
the stress grows continuously.”

Anand’s model smoothly captures strain-rate and
temperature dependence of solder materials.
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o
= 60
[} I
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Main Equations of Wang’s Ar

Flow Rule (Plastic Strain Rate)

. 1/m
e? = Aexp (—%) [Siﬂh(%)]

Plastic strain rate increases with stress and
temperature.

No explicit yield surface; flow occurs at all
nonzero stresses.

Deformation Resistance Saturation s*

Defines the steady-state value that s evolves
toward.
Depends on strain rate and temperature.



and-Type Viscoplastic Model

Evolution of Deformation Resistance s

a S .
sign (1 — —) e?
S*

e Describes dynamic hardening and softening of
the material.

e s evolves depending on proximity to s* and flow
activity.

.S'Zh()ll—i
S*

Note: Constants A, Q,m, j, ho, §,n, a are material-specific
and fitted to experimental creep/strain rate data.




Anand Viscoplasticity (

Image Reference

Values are from correspond to 60Sn40Pb solder
parameters used in Anand's model:

Sp: Initial deformation resistance

@)/ R: Activation energy over gas constant
A: Pre-exponential factor for flow rate

&: Multiplier of stress inside sinh

m: Strain rate sensitivity of stress

hy: Hardening/softening constant

s: Coefficient for saturation stress

n: Strain rate sensitivity of saturation

a: Strain rate sensitivity of hardening or
softening

11



“onstants for 60Sn40Pb

Numerical Values

e Sy =5.633 x107 Pa
Q/R = 10830 K
A=149 x 107 s71
£=11

m = 0.303

ho = 2.6408 x 10° Pa
5 = 8.042 x 107 Pa

n = 0.0231

a=1.34

These constants match Wang's paper for modeling
60Sn40Pb viscoplasticity.




Forward Euler Explicit time it

Initialization

Material constants: A,Q/R, j,m, hy, 5,n,a, E
Strain rate: €

Temperature set: {T;}

Set: e(0) =0, s(0)=35

Time Evolution Loop

1. Stotal(t) =ct

2. Oirial = E(gtotal - €p)
3. Compute z = J—:
4. Approximate sinh(z) (linearize if |z| < 1)

5.67 = Ae9/ET(sinh(z))V/™

13



itegration scheme Pseudocode

Plastic Flow & Resistance Evolution

+ _ of €2 ,Q/RT\"
6. s —S(Ae

7.8 =ho|l — £|%ign (1 - £)e?

8. Update: eP(t + At) = eP(t) + eP At

9. Update: s(t + At) = s(t) + sAt
10. Record (e¢otal, Ttrial)

Termination

e Stop when €iota1 > Emax
e Plotovseforall T;

Stress vs Inelastic Strain - 625n36Pb2Ag Alloy (Low Strain Rate le-5 1/s)

60
Temperature

— -55°C

-25°C
50 4 —— 25°C
— 75°C
— 125°C

40 A

30 4

Stress o (MPa)

20+

10 + Fﬁ
0

T T T T T T
0. 0.1 0.2 0.3 0.4 0.5
Inelastic Strain € (dimensionless)



import numpy as np
import matplotlib.pyplot as plt
from scipy.integrate import solve ivp

# Material constants for 62Sn36Pb2Ag solder alloy
A = 2.24e8 # 1/s

Q R = 11200 # K

j =13 # dimensionless
m=0.21 # dimensionless

ho = 1.62el0 # Pa

sO = 8.47e7 # Pa

s hat = 8.47e7 # Pa

n = 0.0277 # dimensionless
a=1.7 # dimensionless

E = 5.2el0 # Pa (Elastic modulus)

# Temperatures in Kelvin
T C=[-55, -25, 25, 75, 125]
T list = [T + 273.15 for T in T_C]

# Simulation parameters

strain_rate = le-5 # 1/s

eps total max = 0.6

t max = eps_total_max / strain_rate

time steps = 10000

t eval = np.linspace(0, t _max, time_steps)

# Define the ODE system
def (t, y, T):
ep_p, s =Yy
eps total = strain rate * t
sigma trial = E * (eps_total - ep_p)
x = j * sigma trial / s

if np.abs(x) < 0.01:
sinh x = x
else:
sinh x = np.sinh(np.clip(x, -30, 30))

sinh x = np.maximum(sinh x, le-12)
dep p = A * np.exp(-Q_ R / T) * sinh_x**(1/m)

s star = s_hat * (dep_p / A * np.exp(Q R / T))**n

ds = hO * np.abs(1l - s/s star)**a * np.sign(1 - s/s star) * dep_p

return [dep_p, ds]

# Plotting

Forward Euler Schei

15



ne for Anand Model




Strain rate sensit

e Asm — 0, rate insensitive
e Asm — 1, small stress ch

Anand Flow La

cb

17



1vity of stress m

- (yield)
ange causes big change in strain rate

: Varying $ms$

18



Flow

Tensorial Flow Rule (directional form)

proer (3T
2 0

Equivalent Stress Definition

Direction given by T".
Magnitude determined by hyperbolic
T represents the effective shear stre

& =,/2T" : T is the von Mises Eq

Full flow = direction x magnitude.
19

Summary:



'rule

Plastic Strain Rate (magnitude form)

— 1/m
é? = Aexp (—%) [sinh (f%)]

Full Flow Rule with Hyperbolic Sine

— 1/m /
D? = Aexp (—%) [sinh({%)] (gTF

> sine based on a/s.
ss computed from deviatoric stress.

uivalent stress, but is formally defined without yield point

)

20



Evolution Equat;
Stress Evolution Equation (Rate form of Hooke's Law)
\Y :
T=L[D - DP| —TII¢

(rate-form Hooke’s law for finite deformation
plasticity, with frame-indifference enforced through
the Jaumann rate.)

Jaumann Rate Definition

\Y .
T=T-WT4+TW

e Stress rate follows Jaun
e Elastic response govern

Summary: * Thermal expansion intrc

21



on for the Stress

Material Tensors and Operators

L =2ul + (k — 211) 1 ® 1 — isotropic elasticity tensor
e LD represents how instantaneous strain rates
generate stresses according to the elastic material's
stiffness properties.

p = u(0), k = k(0) — temperature-dependent moduli
IT = (3ax)1 — stress-temperature coupling

a = a(f) — thermal expansion coefficient

D = sym(Vv) — stretching tensor

W = skew(Vv) — spin tensor

I = fourth-order identity tensor

1 = second-order identity tensor

1ann derivative to ensure frame indifference.
ed by isotropic fourth-order tensor L.

duces additional stress through 116 .

22



Stress Evolution at
Stress Evolution and Thermal Effects

In the stress evolution equation,

\Y% .
T =L[D — D?] — T4,

the term II6 represents the stress change that would occur
due to pure thermal expansion alone, without any mechanical
loading.

e Thermal expansion induces st
« Subtracting II§ ensures only r
Summary: e This keeps the constitutive mo

23



1d Thermal Effects

Why Subtract the Thermal Term?

e Thermal expansion creates strain even without
external forces.

« Without subtracting IT8, the model would falsely
attribute thermal strain as mechanical stress.

e Subtracting isolates the true mechanical response
from thermal effects.

increase of

temperature m

—
=

fixed connection

-ain without force.
nechanical strains generate stresses.
del physically accurate during heating and cooling.

24



Relaxed (Intermed

Context for the Relaxed Configuration

The relaxed configuration represents the material after
removing plastic deformations but before applying new
elastic deformations.

It is introduced to separate permanent plastic effects
from recoverable elastic effects.

All thermodynamic potentials, internal variables, and
evolution laws are defined relative to this frame.

The relaxed state provides a clean, natural reference
for measuring elastic strain £¢ and computing
dissipation.

Sum

e The relaxed configuration isolates elastic responses
plastic evolution laws.

25



1ate) Configuration

What Happens in the Relaxed Configuration?

e The elastic deformation gradient F'¢ is measured from
the relaxed state to the current deformed state.

e Elastic strain measures like C'¢ and E*° are defined in
this configuration.

 The Kirchhoff stress T is naturally associated with the
relaxed volume.

e Plastic flow is accounted for separately through the
plastic velocity gradient L?.

mary:

cleanly, enabling proper definition of thermodynamics and

26



Relaxed Configuratic
Kinematics in the Relaxed Configuration

» Elastic deformation gradient:
F=F°F° = F°=FF""
e Elastic right Cauchy-Green tensor:
ce — el pe
e Elastic Green—Lagrange strain tensor:

1
e _ e_I
E 2(C )

Sum

e Elastic kinematics and stress measures are formulate
plastic and elastic contributions.

e Stress Power Split allows Anand to cleanly isolate plz

e Green-Lagrange strain tensor E¢ is used because it
relaxed configuration

e The right Cauchy-Green tensor C¢ = F¢ Feis requil
deformation gradient F'¢ without referencing spatial c

27



n Constituative Laws
Stress and Power Quantities

e Kirchhoff stress (weighted Cauchy stress):
T = (det F)T

e Stress power split:
w=w+u’

e

W=T:E , & =(CT):L”

mary:

2d relative to the relaxed configuration, cleanly separating

stic dissipation from elastic storage.
symmetrically captures nonlinear elastic strain relative to the

‘ed as an intermediate to compute E¢ from the elastic
oordinates

28



Dissipation Separation: Elasti

Thermodynamic Separation

1. Start with Total Dissipation:
D=w—1v%>0

where = T : E° + (C°T) : L”
2. Split Stress Power:
W= 0+ P
with:
« *=T:E°
e @ =(C°T): L’
3. Group Terms with ¢

(@ =)+ &P >0

4. Apply Elastic Energy Consistency:

—h=0 = G >0

29



c vs Plastic in Anand’s Model

e Elastic deformations are recoverable and do
not cause entropy production.

e All dissipation stems from the plastic flow: «?*.

* Plastic work increases entropy and governs

viscoplastic evolution.

Summary:
The stress power split ensures that the second law
is satisfied by assigning dissipation solely to
irreversible processes.

30



Reference C

Framework in the Reference Configuration

The free energy ¢ is defined relative to the reference
configuration.

State variables like E¢, 6, g, B, s are used as
arguments of .

Stress is expressed using the second Piola—Kirchhoff
tensor S.

Dissipation inequality, stress—strain relations, and
evolution laws are all written in reference variables.
Mass density p, from the reference configuration
normalizes all terms.

Sum

* |n the reference configuration, all energy storage, str
with reference-frame quantities for consistency and c

31



onfiguration

Key Equations in the Reference Frame

e Free energy:

¢:¢(Ee797g,ﬁ’s)

e Dissipation inequality:

P +n0 —py'S: E+ (pob) 'y - gy <0

e Constitutive relation:

0y
OE¢

S:po

mary:

2ss updates, and internal variable evolution are formulated
bjectivity.



Thermoc
Thermodynamic Quantities

* Free energy density:

P =e—0n

e Reduced dissipation inequality:

p+n0 —p 'T:L+ (pf) 'q-g<0

e State variables:
{Ee707§7 B) 'S}

with E€ as elastic strain and s as internal resistance.

e Free energy and dissipatiol
e Stress power naturally split
Summary: e Kirchhoff stress simplifies s

33



lynamics
Stress Power and Kirchhoft Stress

e Stress power per relaxed volume:

w=<@>T:L
P

e Weighted Cauchy (Kirchhoff) stress:

T = (det F)T| or Tz(%)T

e Decomposition of stress power:

@ = +af

~ e

Ww=T:E, & =(C°T):LF

1 govern thermodynamic consistency.
s into elastic and plastic parts.
tress evolution accounting for volume changes.

34
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Schematic Variants for

Part 1 — Chamber and Baffle Part 2 — Fl

Part 4 — Showing perforates (aimed at
fiberglass)




Muffler Subcomponents

§

uid domain

N

N

,

e

Part 3 — Fiberglass Absorbant (gold)

Part 5 — Final Assembly View

42



Transmission Loss (dB) at 20°C

Ansys Si

Simulated Transmission Loss (0—1000 Hz) by

Muffler Transmission

35 -

30 A

25 A

20 A

15 A

10 A

200 400
Freq

Figure: Transmission Loss curve ofil\;je m



mulation

ipproximating muffler walls as fluid at 20 deg C

Loss vs Frequency at 20°C

600 800 1000
uency (Hz)

uffler between 5 Hz and 1000 Hz at 20°C.
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Transmission Loss (dB)

140 A

120 A

100 A

80 A

60 -

40 A

20 A

Simlab S

Simulated Transmission Los:

Transmissior

200

400
Frec
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imulation

s (0-1000 Hz) Simlab model

| Loss vs Frequency

600
juency (Hz)

800

1000
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Sidlab and Ansys Fi

SIDLAB Model

e File: Mark3Sid.zip
e Created with: SIDLAB 5.1
e § Download SIDLAB File

47



le Download Center

ANSYS Simulation

* File: Mark-I-MDF-clearned-data.wbpz
e Created with: ANSYS 2023 R2
e § Download ANSYS File

48
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mponents

al units in mm
105

390

600

l

000000000t

Sidlab Components

1. Pipe

3% 2 qwT  7.Pipe
3. Pipe 8. QWT
4. QWT 9. Pipe
5. Pipe 10. QWT

6. QWT 11. Pipe



Insertion Loss (dB)

Simulated vs Meas

Measured vs Simulated TL

Simulated vs Measured Insertion Loss - Big Blue Madness

—e— Measured Insertion Loss

100 | = Simulated TL (SIDLAB)

801

60

40

20

102
Frequency (Hz)
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ured Insertion Loss

Insertion Loss Explanation

Muffler ) .
Insertion Loss (IL) quantifies how

much sound is attenuated when a
muffler is added to the system.

General formula:

Pbaseline )

muffler

IL =10 ].Oglo <

Because our data is already in
-~ decibels (dB), this simplifies to:

IL = Powerpaseline (dB) — POWeTrnyffler (dB)

103
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I.1.L

I.b7.m
2. initSpectral.m

» reads
3. < initEigs.m

» forms

59



ayout

n binary files, takes eg m-fft

corrMat, finds eigenvalues
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1.2. Le

1. < initPod.m
« carries out POD calculations (quadrature, multiplication
Hellstrom Smits 2017 for Snapshot POD)
2. — timeReconstructFlow.m
 performs 2d reconstruction + plotSkmr (generates 1d ra
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lyout 2

ggf betwen a®) according to Papers (Citriniti George 2000 for Classic POD,

dial graph)
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(9]

1.3. Import:

pipe = Pipe(); creates a Pipe Class. As the functio

. obj.Caseld - stores properties like Re, rotation number S, experiment

frequently called vectors (rfMatr = 1,...,0.5)

. obj.pod - eigen data, used for calculating POD
. obj.solution - computed POD modes
. obj.plt - plot configuration
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int Switches

ns (above) are called, data is stored in sub-structs:

al flags such as quadrature (simpson/trapezoidal), number of gridpoints,
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2. Equations Used
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in Code Procedure
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2.1. Classic P

The following equations a

S (k;m;r,r) o) (k;m; ')

T

1
S (k;m;r,r) = lim — [ u(k

T—00 T 0

a™ (k;m;t) = /u(k; m;r,t)d

r
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OD Equations

re used in the above code.
r'dr’ = A (k;m)@™ (k; m; )
smr,t)ut (kym;g ' t) de

()" (k; m;r)r dr
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2.2. Classic POD

/ /28, (ry'ym; f) o

! N\

~"

Wi j(r,r'sm; f)

= AO(m, ))r'/2¢]" (r;
Zm e
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Equations (Fixed)

/2 ¢;(n) (r'sm; f) 12 4y

37 (i)

m; f)

f)
1/2 & (m;r)dr
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2.3. Snapshot I

1 T
lim — ur (k;m;r,t)
T—00 T 0

= <I>(1?) (ks s ) A (K mr
R (k;m;t,t') = /u(k;fr
1 T

. A
lim — uy (k;m;r,t
T—00 T O

= <I>(Tn) (k; m; r))\(")(k; m
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>’OD Equations

o™ (k;m;t)dt

)

n;r, t)u* (kym;r, t')rdr
¥ (ks m;t) dt

).
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2.4. Reco

The reconstruc

at) — 3(6) ~ Z oG

q(r,0,t;2) = q(r, 0, t;2) +

Since the snapshot pod implementation is not error-free, the re

q(r,0,t;x) = q(r,0,t;x) + (factor
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nstruction

tion is given by

construction can only be recovered by writing for factor > 0.

) Z Z a(")(m; t)q)(") (r;m; )

n=1 m=0
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2.5. Reco

In order to reconstruct in code, caseld.fluctuation = "off’. T
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nstruction

his is incorrect. The necessary use of (factor -y) is incorrect
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3. Der

To derive the questioned eq

1 T
—/ ur (k;m;r,
0

T

Substitute ur w

1 T
- / Z @g) (k; m; r)a(l
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Ivation

1ation, consider the integral:

t)a™ (k;m; t)dt.
th its expansion:

) (k; m; t)) o™ (k;m; t)dt.
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3.1. 4 D

Exchange the order of summation anc

1 T
> @ (kyms ) (— / ol
] T Jo
Due to the orthogonality, namely t

(a™a®)y

all terms where [ =£ n will vanish, an

1 T
&% (k;m; ) <—/ al™
0

T

This derivation assumes the normalization of modes and their orthogonality,

form that reveals the spatial structure ( <I>(1? ) )
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erivation

| integration, and apply orthogonality,
) (k; m; )™ (k;m; t)dt) :

hat o™ and a® are uncorrelated
— )\(n)(gnp
d there remains only the [ = n term,

(k; m; 1) o™ (ks m; t)dt) :

along with the eigenvalue relationship to simplify the original integral into a

of each mode scaled by its significance ()\(")) :
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3.2.6 D

The cross-correlation tensor R is defined as R (k;m; t,¢') = [ u(k;m;r,
[t x t'] tensor. The n POD n

T

lim — ur (k;m;r, t)a(n)* (k31
T—00 T 0
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erivation

t)yu* (k;m;r,t") r dr. This tensor is now transformed from [3r x 37'] to a
10des are then constructed as,

n;t)dt = @gl) (ks m; m)A®) (k; m).
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4. Result Comparist
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on Classic/Snapshot
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al Classic

for Rotation Number N = 3.0
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4.2. Snapshot-Cl:

Klassilkk Rel1700 Velocity W POD for Rotation Number N = 0.0
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1ssic Comparison

Snapshot Rell1700 Velocity W POD for Rotation Number N = 0.0

=
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i o
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4.3. Klassik
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POD S=0.0

or Rotation Number IV = 0.0
12 2, AEMmaad n3

00 400 500 600 1] 100 200 300 400 500 600

90



4 4. Klassik

Klassik Rell700 Velocity W POD fc
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POD S=3.0

v Rotation Number N = 3.0
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5. Energy 1

Klassik Rell700 Velocity W POD
[ I




1=0 Classic

for Rotation Number N = (1.0

g
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5.1. n=3

Klassik Rel1700 Velocity W POI
10" | I




 Classic

) for Rotation Number N = 3.0
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6. Recon
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struction
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6.1. Reco

Snapshot of u, fluctuation:

&, £E0eaq
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nstruction

R%F;_)O_D Reconstruction, t=2using (n,m)=(400,50) modes, obfl3
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