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Plastic strain rate increases w
ith stress and
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perature.
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o explicit yield surface; flow

 occurs at all
nonzero stresses.
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esistance Saturation 
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efines the steady-state value that 

 evolves
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epends on strain rate and tem
perature.

Evolution of D
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escribes dynam

ic hardening and softening of
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 and flow
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ŝ
(

ex
p
(

)
)

ε̇
p

A

Q R
T

n

s

s

=
si

gn
(

1
−

)
ṡ
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ore significant

M
odel A

ccuracy: Lines = m
odel prediction, X =

experim
ental data

K
ey Insights from

 W
ang (2001)

“At low
er strain rates, recovery dom

inates…
 the

stress levels off early.”
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It is introduced to separate perm

anent plastic effects
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 recoverable elastic effects.
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ic potentials, internal variables, and

evolution law
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puting
dissipation.
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 are defined in
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.
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In the stress evolution equation,

the term
 

 represents the stress change that w
ould occur

due to pure therm
al expansion alone, w
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echanical

loading.
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Therm
al expansion creates strain even w
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external forces.
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ithout subtracting 
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attribute therm
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echanical stress.
Subtracting isolates the true m
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al expansion induces strain w
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Subtracting 
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echanical strains generate stresses.

This keeps the constitutive m
odel physically accurate during heating and cooling.
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(rate-form
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ooke’s law
 for finite deform

ation
plasticity, w

ith fram
e-indifference enforced through

the Jaum
ann rate.)
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n
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ate D
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ition

M
aterial T

ensors and
 O

p
erators

 —
 isotropic elasticity tensor

 represents how
 instantaneous strain rates

generate stresses according to the elastic m
aterial's

stiffness properties.
, 

 —
 tem

perature-dependent m
oduli

 —
 stress-tem

perature coupling
 —

 therm
al expansion coefficient

 —
 stretching tensor

 —
 spin tensor

 = fourth-order identity tensor
 = second-order identity tensor

Sum
m
ary: 

Stress rate follow
s Jaum

ann derivative to ensure fram
e indifference.

Elastic response governed by isotropic fourth-order tensor 
.

Therm
al expansion introduces additional stress through 

.
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D
issip

ation
 S

ep
aration

: E
lastic vs P

lastic in
 A

n
and

’s M
o
d
el

T
h
erm

o
dynam

ic S
ep

aration

1. Start w
ith Total D

issipation:

w
here 

2. Split Stress Pow
er:

w
ith:

3. G
roup Term

s w
ith 

:

4. A
pply Elastic Energy C

onsistency:

K
ey P

hysical Insigh
ts

Elastic deform
ations are recoverable and do

not cause entropy production.
A

ll dissipation stem
s from

 the plastic flow
: 

.
Plastic w

ork increases entropy and governs
viscoplastic evolution.

Sum
m

ary:
The stress pow

er split ensures that the second law
is satisfied by assigning dissipation solely to

irreversible processes.
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Ė
e

C
e
T̂

L
p

=
+

ω̇
ω̇

e
ω̇

p

=
:

ω̇
e

T̂
Ė
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R
eference C

on
fi
gu

ration

F
ram

ew
ork

 in
 th

e R
eference C

on
fi
gu

ration

The free energy 
 is defined relative to the reference

configuration.
State variables like 

 are used as
argum

ents of 
.

Stress is expressed using the second Piola–Kirchhoff
tensor 

.
D

issipation inequality, stress–strain relations, and
evolution law

s are all w
ritten in reference variables.

M
ass density 

 from
 the reference configuration

norm
alizes all term

s.

K
ey E

qu
ations in

 th
e R

eference F
ram

e

Free energy:

D
issipation inequality:

C
onstitutive relation:

Sum
m
ary:

In the reference configuration, all energy storage, stress updates, and internal variable evolution are form
ulated

w
ith reference-fram

e quantities for consistency and objectivity.
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T
h
erm

o
dynam

ics

T
h
erm

o
dynam

ic Q
u
an

tities

Free energy density:

R
educed dissipation inequality:

State variables:

w
ith 

 as elastic strain and 
 as internal resistance.

S
tress P

ow
er and

 K
irch

h
o
ff

 S
tress

Stress pow
er per relaxed volum

e:

W
eighted C

auchy (Kirchhoff) stress:

D
ecom

position of stress pow
er:

Sum
m
ary: 

Free energy and dissipation govern therm
odynam

ic consistency.
Stress pow

er naturally splits into elastic and plastic parts.
Kirchhoff stress sim

plifies stress evolution accounting for volum
e changes.
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ḡ
B̄

E
e

s

=
(

)
T

:
L

ω̇
ρ

0 ρ or
=

(d
et

F
)T

T̃
=
(

)
T

T̃
ρ

0 ρ

=
+

ω̇
ω̇

e
ω̇

p

=
:

,
=

(
)

:
ω̇

e
T̃

Ė
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